LIMITS OF ASYMPTOTICALLY FUCHSIAN SURFACES IN A CLOSED
HYPERBOLIC 3-MANIFOLD

FERNANDO AL ASSAL

AsBsTRACT. Let M be a closed hyperbolic 3-manifold. Let vg,p denote the probability volume (Haar)
measure of the 2-plane Grassmann bundle Gr M of M and let vr denote the area measure on Gr M of an
immersed closed totally geodesic surface T ¢ M. We say a sequence of 7t1-injective maps f; : S; = M of
surfaces S; is asymptotically Fuchsian if f; is K;-quasifuchsian with K; — 1 as i — co. We show that the set
of weak-* limits of the probability area measures induced on Gr M by asymptotically Fuchsian minimal
or pleated maps f; : S; = M of closed connected surfaces S; consists of all convex combinations of vg, pm
and the vr.

1. INTRODUCTION

Let M = T'\H? be a closed hyperbolic 3-manifold, where I' < PSL, C is a cocompact
lattice. We say a sequence of mi-injective (essential) maps f; : S; — M of surfaces S; is
asymptotically Fuchsian if f; is K;-quasifuchsian with K; — 1 as i — oco. For an almost-
everywhere differentiable map f : S — M of a surface into M, we let v(f) denote the
probability area measure induced by f on the oriented 2-plane Grassmann bundle Gr M

of M. (Precisely, if we let J_’ : S = GrM be given by ?(p) = (f(p), Trp) £(S)), then v(f) is the

pushforward via j_r of the pullback via f of the volume measure of M, normalized to have
mass 1.) We let 4 denote the set of commensurability classes of immersed closed totally
geodesic surfaces in M. For T € ¢, we let vr denote the area measure of T on Gr M. We
let vgr M denote the probability volume (Haar) measure of Gr M. The main theorem of the
article is

Theorem 1.1. The set of weak-* limits of v(f;), where f; : S; — M are asymptotically Fuchsian
minimal or pleated maps of closed connected surfaces, consists of all measures of the form

(o) V=amMVGem + Z aTvr
Tes

where ap + Y req ar = 1.

In particular, for any measure v of the form (e), we construct asymptotically Fuchsian
minimal or pleated connected surfaces f; : S; — M so v(f;) weak-* converges to v.
An important part of the proof of Theorem 1.1 is showing that the weak-* limits of

convergent subsequences of v(f;) do not depend on whether f; is minimal or pleated, or in
1
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Ficure 1. The universal covers of asymptotically Fuchsian pleated surfaces
are not necessarily embedded in H? and may develop wrinkles as above, so
they are never C!-close to a totally geodesic plane

particular on the choice of pleated map. This is despite the fact that, in the pleated case,
the universal covers of f£(S;) typically do not converge to a geodesic plane in the C! sense.

Theorem 1.2. Suppose f; : S; — M are essential asymptotically Fuchsian maps of a closed
connected surface. Let fip and f" be, respectively, pleated and minimal maps homotopic to f;. Then,

the probability area measures v( fip ) and v(f") have the same weak-* limit along any convergent
subsequence.

Theorem 1.1 is in contrast with the case in which the maps f; : S; — M are all Fuchsian
and the S; are all distinct. Then, the surfaces fi(S;) equidistribute in Gr M, namely

Theorem (Mozes-Shah). v(f;) X VGrm a8 i — oo,

This follows from a more general theorem of Mozes and Shah [21] on unipotent dynamics,
which builds on work of Dani, Margulis and Ratner. A special case of the main theorem
in [21] is that a sequence of infinitely many distinct orbit closures of the unipotent flow in
Gr M equidistributes. Due to Ratner [23], these orbit closures are either totally geodesic
surfaces or all of Gr M.

More recently, Margulis-Mohammadi [20] and Bader-Fisher-Miller-Stover [1] showed
that if M contains infinitely many distinct (noncommensurable) totally geodesic surfaces,
then M is arithmetic. (On the other hand, it was already known, due to Reid [24] and
Maclachlan-Reid [19] that if M is arithmetic, then it contains either zero or infinitely many
distinct totally geodesic surfaces.) This rigid behavior of totally geodesic surfaces, how-
ever, is not shared by the nearly Fuchsian surfaces of M. Due to the surface subgroup
theorem of Kahn and Markovi¢ [10], any closed hyperbolic 3-manifold M has infinitely
many commensurability classes of K-quasifuchsian surfaces, for any K > 1.

The Kahn-Markovié¢ construction of surface subgroups has a probabilistic flavor. The
building blocks from which the nearly Fuchsian surfaces are assembled are the (¢, R)-good
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pants, which are the maps f : P — M from a pair of pants P taking the cuffs of P to
(€, R)-good curves in M — the closed geodesics with complex translation length 2e-close to
2R. We say two (g, R)-good pants f and g are equivalent if f is homotopic to g o ¢, for
some orientation-preserving homeomorphism ¢ : P — P. For more detailed and precise
definitions, see Section 2.

A crucial reason why this construction works is that the good pants incident to a given
good curve y come from a well-distributed set of directions. Precisely, the feet of the good
pants are well-distributed in the unit normal bundle N'(y) of y. The feet of a good pants
= f : P — M are the derivatives of the unit speed geodesic segments connecting a cuff
of f(P) to another, meeting both cuffs orthogonally. Each cuff has two feet, and it turns out
that they define the same point, the foot, denoted ft(r), in the quotient N'( \y) of N'(») by
n +— n + hl(y), where hl(y) is half of the translation length of y.

The precise statement of the equidistribution of the feet follows below, from the article of
Kahn and Wright [12] with proof in the supplement [13]. In [12] Kahn and Wright extend
the surface subgroup theorem to the case where M has finite volume, while simplifying
some elements of the original proof of Kahn-Markovi¢. The proof of the well-distribution
of feet in [13] follows a different approach than the original Kahn-Markovi¢ argument in
[10]. In the latter, the pants are constructed by flowing tripods via the frame flow. In the
former, pants with a given cuff are constructed from geodesic segments meeting the cuff
orthogonally (the orthogeodesic connections). Denote the space of (¢, R)-good curves in M as
I'c r and the space of (¢, R)-good pants having y as a cuff as Il. z(y).

Theorem 1.3 (Kahn-Wright: Equidistribution of feet). There is ¢ = q(M) > 0 so that if € > 0
is small enough and R > Ry(€), the following holds. Let y € Teg. If B € N'(4/7), then

#H{m e Il r(y) : ft, 7 € B}

(1 - S)A(N_sB) < < (1 + 8)A(N;B),

Ce,R,y

where A = A, is the probability Lebesgue measure on N( V7). 6 = e7R, Ni(B) is the -neighborhood
of B, N_s(B) is the complement of Ns(N'(+/y) — B) and Ce g , is a constant depending only on €, R
and 1(y).

This theorem will be used in many ways in the article. It implies that a nearly geodesic
surface S(e, R) may be built using one representative of each equivalence class of (¢, R)-good
pants. The equidistribution of feet (in a slight generalization explained in Section 5) will
also be used to show that these surfaces equidistribute in GrM as € — 0. It will also be
important in the construction of non-equidistributing asymptotically Fuchsian surfaces.

The surface S(e, R) built out of a representative of each equivalence class may not be
connected, however. And we do need, for our main theorem, a connected surface that goes
through every good pants, meeting every cuff in a well-distributed set of directions. This
can be achieved using the work of Liu and Markovié [16]. Using their ideas, we can reglue
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the pants used to build N = N(g, R) copies of S(e,R) and obtain a connected surface that
goes through every cuff in many directions.

Further directions. One can ask the same questions for finite-volume hyperbolic 3-manifolds
M. Crucially, Kahn and Wright [12] extended the surface subgroup theorem of Kahn and
Markovi¢ to this context by building a nearly Fuchsian surface in M from the good pants
that do not go too far into the cusps as well as new building blocks called umbrellas. To
execute our construction, we would need to reglue these pieces in order to get a sequence
of connected closed asymptotically Fuchsian surfaces. This would likely use the work of
Sun [29] that generalizes ideas of Liu and Markovi¢ from [16] to finite-volume 3-manifolds.
Another difference in this setting is that it is not clear whether the mass of a sequence of
asymptotically Fuchsian minimal or pleated surfaces may escape to the cusps or not.

Another direction is to extend these results to other homogeneous spaces I'\G, where G
is a semisimple Lie group and I' < G a cocompact lattice. It has been shown that I"has many
surface subgroups, in the style of the Kahn-Markovi¢ theorem, when I' is a uniform lattice
in a rank one simple Lie group of noncompact type distinct from SO,,,; by Hdmenstadt
[7] and when T is a uniform lattice in a center-free complex semisimple Lie group by Kahn,
Labourie and Mozes [9]. In the latter article, the authors show that their surface groups are
C-Sullivan for any C > 0, which is a generalization of K-quasifuchsian for the higher rank
setting. Again, it would be necessary to extend ideas of Liu and Markovi¢ from [16] to those
contexts. Moreover, when G is a higher rank Lie group, there are more SL; R-invariant
measures (depending on a choice of representation SL; R — G) in the homogeneous space
I'\G in which a sequence of asymptotically Fuchsian (or C-Sullivan with ¢ — 0) could
perhaps limit to.

Outline. The large-scale structure of the article is the following. In Section 2, we show that
that the weak-* limits of the probability area measures of asymptotically Fuchsian surfaces
in M is a convex combination of the volume measure of Gr M and the area measures
supported on closed geodesic surfaces. This is one of the directions of Theorem 1.1. The
other direction of this equality will be proved in Sections 3, 4, 5, 6 and 7. Details follow
below.

In Section 2, we prove Theorem 1.2. Namely, we describe how nearly Fuchsian surfaces
may be realized geometrically inside M as pleated or as minimal surfaces. We argue
that, as these surfaces f; : S; — M become closer to Fuchsian, the weak-* limits of their
area measures in Gr M do not depend on the choice of geometric structure. We do this
by mapping the universal covers of our surfaces to a component of the convex core of
(fi)«(m11(S;)) via the normal flow, and arguing that this map has small derivatives in most of
its domain. This is despite the fact that the universal covers of the pleated surfaces do not
converge to a geodesic disc in the C! sense. For the case of minimal surfaces, we use the
fact that their principal curvatures are uniformly small, as shown by Seppi [27].
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Using a theorem of Lowe for minimal surfaces [17], we conclude that the limiting
measures are PSL, R-invariant. Thus, due to the Ratner measure classification, they are
a convex combination of the volume measure of GrM and area measures of the totally
geodesic surfaces of M. This shows one direction of Theorem 1.1.

In Section 3, we explain how to construct nearly geodesic closed essential surfaces in M,
following Kahn, Markovi¢ and Wright ([10] and [12]). We define their building blocks, the
(e, R)-good pants, and the correct ((€, R)-good) way to glue them together so the result is
nearly Fuchsian. Finally, we explain how to use the equidistribution of feet (Theorem 3.3),
together with the Hall marriage theorem from combinatorics, to show that a copy of each
good pants may be glued via good gluings to form a closed surface S(e, R).

In Section 4, we follow ideas of Liu and Markovi¢ [16] to explain how to reassemble
a connected nearly Fuchsian closed essential surface S(e,R) from N = N(e, R) copies of
the surface built in Section 2. In particular, this connected surface defines the same area
measure v(€, R) in Gr(M) as S(¢, R).

In Section 5, we endow the connected surface built out of the same number of copies
of each good pants 5(e, R) with the pleated structure in which every good pants is glued
from two ideal triangles. We show that the barycenters of these triangles equidistribute in
the frame bundle Fr M of M as the surfaces become more Fuchsian (namely, as € — 0 and
R(€) — o). To do so, we use a generalization of the equidistribution of feet (Theorem 3.3),
in which a continuous function g € C(N'( \?7)) plays the role of the set B in the statement
above. We also use the fact, from a formulation due to Lalley [15] (building on the work of
Bowen [3]), that asymptotically almost surely, the cuffs of the pants equidistribute in the
unit tangent bundle T* M.

In Section 6, from the equidistribution of the barycenters of the triangles, we conclude
that the surfaces S(e, R) built from the triangles equidistribute as € — 0 and R(e) — oo.
This is because each triangle can be obtained from the right action of a subset A € PSL, R
on the barycenter. The approach we take in Sections 5 and 6 is similar to the one used by
Labourie [14] to show that certain perhaps disconnected asymptotically Fuchsian surfaces
equidistribute in M. A difference is that the surfaces in [14] are built from a different
multiset of good pants that comes from the original Kahn-Markovi¢ construction. It is not
clear, for example, how many copies of each pants are used to build those asymptotically
Fuchsian surfaces.

In Section 7, we build a family of nearly Fuchsian surfaces by gluing the equidistributing
surfaces 5(¢, R) of Sections 5 and 6 to high degree covers of totally geodesic surfaces in M.
To do so, we need the fact that a high degree cover of the totally geodesic surfaces of M may
be built from good gluings of good pants. This was shown by Kahn and Markovi¢ [11] in
order to prove the Ehrenpreis conjecture. We show that as these hybrid surfaces become
asymptotically Fuchsian, they may accumulate on any of the totally geodesic surfaces.
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2. GEOMETRIC REALIZATIONS OF NEARLY FUCHSIAN SURFACES

Suppose f : S — M is an essential nearly Fuchsian immersion of a closed connected
orientable surface. Then, f is homotopic to maps with interesting geometric properties,
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namely a unique minimal map and many pleated maps. In this section, we will describe
these geometric realizations and show that their area measures in Gr M have the same limit
as they become asymptotically Fuchsian.

Precisely, suppose f; : S; — M are asymptotically Fuchsian maps of closed connected
surfaces S;. Let fl.p and flm be, respectively, pleated and minimal maps homotopic to f;. Let
v( fl.p ) = pi and v(f/") = m; be the probability area measures induced by these maps on the
2-plane Grassmann bundle Gr M. The main theorem of this section is the following, which
was labeled as Theorem 1.2 in the introduction.

Theorem 2.1. A subsequence mj, satisfies mj; X vas j — oo if and only if pi; Xy,

Let i1; = 9(f") be the probability measure induced by f on the frame bundle Fr M. By
the weak-* compactness of the probability measures on Fr M, the 7f1; converge to a measure
7 along a subsequence. As shown by Lowe in Proposition 5.2 of [17] and, following ideas
of Labourie [14], by Lowe-Neves in Lemma 3.2 of [18], the measure 7 is invariant under
the right action of PSL; R. Thus, from the Ratner measure classification theorem [23], it
follows that the weak-* subsequential limits of m; are of the form

(%) V= apmvarMm + Z arvT.
Teq

As before, ¢ is a set containing a representative of each commensurability class of closed
immersed totally geodesic surfaces in M, v, um is the probability Haar measure on Gr M,
and v is the probability area measure of an immersed closed totally geodesic surface
T c M. The coefficients ap; and ar sum to 1.

This, combined with Theorem 2.1, shows one of the directions of the main theorem of
the article, Theorem 1.1. In Sections 5, 6 and 7, we will show that given any v of the form
(x), we may find asymptotically Fuchsian connected closed surfaces in M with limiting
measure V.

Let H be a (the top) component of the boundary of the convex core of the quasifuchsian
group Q; = (fi)«(1115;). Let fl.h be the pleated map homotopic to f; whose lift to the universal
cover maps $; into H and say h; = v( fih). To prove Theorem 4.1, we show that each of p;
and m; has the same weak-* subsequential limits as ;.

Theorem 2.2. A subsequence p;; satisfies p;; = vas j — oo if and only if hj, A,
Theorem 2.3. A subsequence i, satisfies m;; X vas j — oo if and only if hz-j Xy,

Theorems 2.2 and 2.3 are in turn proven by flowing the universal covers ﬁ(gi) and f? (:S:-)
normally into H;. We argue that this process has uniformly small area distortion. In the
pleated case of Theorem 2.2, we need to argue a definite distance n > 0 away from the
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H£+
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F1GURE 2. Visual outline of the proof of Theorem 2.1. We will flow the universal

covers f(S;) and f7(S;) of the asymptotically Fuchsian minimal and pleated sur-
faces normally till they hit a component H; of the boundary of the convex core.
We will argue this process has a uniformly small area distortion (away from the
pleating lamination, in the pleated case).

bending lamination of ff(ﬁsyl) to avoid complicated wrinkles as in Figure 1. Then, we take
n — 0. In the minimal case of Theorem 2.3, we use the result of Seppi [27] that says that
the principal curvatures of f"(S;) go uniformly to zero as the quasiconformal constant K;
tends to 1.

2.1. Quasiconformal maps and quasifuchsian groups. Let Q ¢ C be a domain. A contin-
uous map h : Q — C is quasiconformal if its weak derivatives are locally in L?(Q2) and it
satisfies the Beltrami equation

9:h(z) = p1(2)d:h(z)

for almost every z € Q for some u € L*(Q) with ||ulli~q) < 1. The derivatives d, =
(dx —idy)/2 and J; = (dy + idy)/2 are understood in the distributional sense.
We say that i : Q — C is K-quasiconformal if y, which is called the Beltrami differential
of h, satisfies
L+ Il
K(h) = ——— <K
1= lllleo
In general, u is a Beltrami differential in a domain Q c C if it is an element of the open
unit ball around the origin B1(0) of L*(Q). The measurable Riemann mapping theorem
says that given a Beltrami differential in C, we may find a unique quasiconformal mapping
h:C—-C fixing 0, 1 and oo with d;h = pud:h.
Quasiconformal maps enjoy the following compactness property that will be useful to
us. (It is Lemma 6 on page 21 of [6].)
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Lemma (Compactness). Let h; : C — C be a sequence of K-quasiconformal maps fixing 0, 1 and
co. Then the h; converge uniformly to h as i — oo, where h is a K-quasiconformal map.

It turns out that 1-quasiconformal maps are conformal, which is a regularity theorem for
the solutions of the Beltrami equation. Thus, it follows that if the h; are K;-quasiconformal
fixing 0, 1 and oo with K; — 1 as i — oo, then they converge uniformly to the identity.

Let U c C denote the upper half plane, and let L = C — U. We define the universal
Teichmiiller space of U as

FU)=h:€C-C quasiconformal fixing 0, 1 and oo : kg, is conformal}.

To obtain elements of .7 (U), let u be a Beltrami differential in U. We may extend it to a
Beltrami differential also denoted u in C by setting uli, = 0. By the measurable Riemann
mapping theorem, there is a unique quasiconformal mapping / of C that fixes 0, 1 and oo
and satisfies d;h = udzh. Moreover, d:h = 0 in L, so k|, is conformal.

A Jordan curve A c Cis a K-quasicircle if

K =inf{K(h) : h € Z(U)and A = h(@U)}.

Note that this infimum is achieved: if h; are elements of .7 (U) with K(h;) — K, then by the
compactness lemma, the /; converge uniformly to a K-quasiconformal mapping of C fixing
0,1 and oo with A = h(JU).

A group Q < PSL, C is K-quasifuchsian if F = hQh™! is a Fuchsian group for some K-
quasiconformal map  : € — C. Up to conjugating Q by a g € PSL, C, we can say that its
limit set Ag contains 0, 1 and co. Thus, there is a K-quasiconformal mapping h € .7 (U) so
that Ag = f(JdU). In particular, we see that A is a K-quasicircle — the image of a circle under
a K-quasiconformal map. These are nowhere differentiable Holder curves.

A continuous, mj-injective map f : S — M of a hyperbolic surface S into a hyperbolic
3-manifold M is K-quasifuchsian if f.(m1S) <T = ;M < PSL, C is a K-quasifuchsian group.
Given a K-quasifuchsian subgroup Q of the Kleinian group I' = 1M, we may recover a
K-quasifuchsian map f : S — M in the following way. As described above, Q gives rise to
a K-quasiconformal map h € 7 (U), whose restriction to JU = d,H? may be extended to
a Q-equivariant map f : H> — H3. The map f in turn descends to f : S — M. (We will
describe examples of this extensions as minimal or pleated maps in detail below.)

A sequence of maps f : S; — M of hyperbolic surfaces S; into a hyperbolic 3-manifold
is asymptotically Fuchsian if the f; are K;-quasifuchsian for K; — 1 as i — co. Given such
a sequence, we may find a sequence of K;-quasiconformal maps /; € .7 (U) that conjugate
Qi = (f)(m15;) into PSL, R. From the compactness theorem of quasiconformal maps, it
follows that the h; converge uniformly to the identity. In particular, the limit sets Ag, are
sandwiched between two circles at an Euclidean distance going to zero as i — co.
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2.2. The Schwarzian derivative and the Bers norm. The Schwarzian derivative of a holo-
morphic function f with nonvanishing derivative is given by

(-3

Se=\F) 57 -

fr]2\f

This vanishes precisely at the Mobius transformations and it can be shown that if f; con-

verges uniformly to a Mobius transformation as i — oo, then Sy — 0 asi — oo.
The Bers norm of f € .7 (U) is given by

Iflls := supIS£(z)lp*(2),

zeL

where p is the Poincaré metric of curvature -1 on L. As the quasiconformal constant of f
goes to 1, f converges uniformly to the identity on C, and so ||f|[z — O.

2.3. Pleated surfaces and the convex core. A m;-injective isometric map f : S — M of a
surface S is pleated or uncrumpled if every p € S is inside a geodesic arc of S that is mapped
to a geodesic arc of M. It turns out (see Proposition 8.8.2 of [30]) that the set A C S of points
that lie in a single geodesic segment that gets mapped to a geodesic is a lamination on S,
and that f is totally geodesic outside A. The lamination A is called the pleating or bending
lamination.

A K-quasifuchsian map f : S — M is homotopic to many pleated surfaces — given any
geodesic lamination A C S, it is possible to find a pleated map homotopic to f whose
pleating locus is A. One such pleated map of note comes from the boundary of the convex
core of the quasifuchsian group Q = f.(711S). Let A be the limit set of Q. The convex core of
Q is the smallest set core Q C H> containing the geodesics with endpoints in A. Thurston
showed that its boundary d core Q has two components H~ and H* that are the image of H?
under a Q-equivariant pleated map [5]. In particular, f : S — M is homotopic to a pleated
map f": S — M so that f#(S) = H™.

The pleated discs H~ and H" inherit an orientation from f, and in particular normal
vector fields n~ and n* away from their bending loci. We will follow the convention that
H™ is the component so that the trajectory from flowing a vector n~ via the geodesic flow
will meet H* at some positive time.

Another pleated map homotopic to f : S — M of importance in this article is the one
where the bending lamination consists of a pants decomposition of S as well as three
spiraling geodesics per pants that divide the pants into two ideal triangles. We will keep
track of these triangles to show that the surface built out of one copy of each (g, R)-good
pants equidistributes as € — 0 in Section 5.

In what follows we will repeatedly use the fact, proved by Birman and Series [2], that
geodesic laminations on a surface have Lebesgue measure zero. Without loss of generality
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we will also assume that all our geodesic laminations are maximal, i.e., their complement
is an union of ideal triangles. (See Theorem 1.4.2.8 in [5] — it is always possible to make a
geodesic lamination maximal by adding a finite number of leaves.)

2.4. Proving Theorem 2.2. We are now ready to restate and prove Theorem 2.2. Let
fi + Si & M be asymptotically Fuchsian maps, with Q; = (fi).(m1S5;). Let H; and H; be
the components of d core Q; (again, chosen so flowing normally from H; gets you to H").
Let fl.p and fl.h be pleated maps homotopic to f;, where fl.h has a lift to the universal cover
fl.h : S~l — H? satisfying fz.h(S~i) = H'. Let p; = v( ff ) and h; = 1( fih) be the area measures
induced on Gr M by fip and fl.h, respectively.

Theorem. A subsequence pj; satisfies p;, X vas j = oo if and only if h;, L

Let A; c € be the limit set of Q; Let f? : é: — H° be the lift of fip to the universal cover
S0 Joo fz.p (:97-) = A;. We define P; := fip (3:-). We let p; and hi; be, respectively, the area measures
induced by fip and flh on Gr H®. We denote the pleating laminations of P; and Hf by A; and
Bi, respectively. Finally, we define X; := I'\P; and R; := F\H;“.

We let 1; : Gr H> — H? be the map taking (p, 1) € Gr H? to the point g € H> obtained by
flowing p in the direction normal to I'T (from the orientation of P) for time ¢ via the geodesic

flow. We will usually apply #; to points in p € P;, so to loosen the notation n:(p) will be
shorthand for n;(p, T, P;).

Forn >0, let P? denote the set of points in P; that are at a distance greater than 7 from
the pleating lamination A;. We define a map

F': P! — H}
1 1 i

by flowing p € P? normally for the time 7;(p) it takes to hit H. In other words, P?(p) =

Ni(p) (p)-
We also let det(dF ;.7) be the Radon-Nikodym derivative

d(F!)h;
dﬁi !

det(dF]) :=

which is defined due to parts i and ii of the Proposition 2.4 below.
Proposition 2.4. Fori > Io(1), these maps F? satisfy
1. F? is differentiable outside of (F?)‘l(ﬁi) UA,,

ii. pi(F)7'(8)) = 0,
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Ficure 3. A visualization of the map F:.’, flowing normally from P? till H.
Lemma 2.5 below shows that these lines indeed do not meet for i large
enough.

iii. || det(dF}) - Ulpsoqpny = 0 as i — oo,

Proof. (We will drop the superscript 1 when convenient and unambiguous.)
i. Letp € P? — (F;l(ﬁi) U A;). Then, F; maps a small disc around p to a piece of a totally
geodesic plane in H;" via the normal flow. This is a differentiable map.

ii. Let Hl” = F?(P?). We will prove the statement by showing that the inverse map
(F)™':H] - P}

is well defined and sends sets of measure zero (such as the bending lamination g;) to sets
of measure zero.

For a parameter £(1) > 0 to be picked later, we define E? to be the three-dimensional
submanifold of H> obtained by flowing P? normally for times s € [0,¢(n)]. Precisely,
E:= Useto i 7(P)-

As the pleating lamination A; is maximal, P? is a disjoint union of triangles. Thus, the
set E? is a union of thickened triangles, possibly not disjoint. Lemma 2.5 below shows that
for i sufficiently large depending on n, we can choose #(1) so E? is in fact a disjoint union of
thickened triangles. (See Figure 4.)

For an ideal triangle T c H?, we will denote by T" the set of p € T at a distance greater
than n from the edges of T.

Lemma 2.5. There exists Io(n) satisfying the following. Supose i > Io(n). Then, there is t(n) > 0
so that for any two ideal triangles S and T in P;, we have

15, (ST N g, (T") = 0

forall 0 < sq,s0 < H(1).
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Ficure 4. Lemma 2.5 says that the boxes made out of flowing S" and T" for
time #(17) never meet.

Proof. Without loss of generality, up to conjugating everything by Mobius transformations,
we may take S = A.

Recall that fip : H2 — H? is the pleated map so that fip(HZ) = P;. We know that deop;
is the K;-quasiconformal homeomorphism #; : c-C fixing 0, 1 and oo so that hi(R) = A;
(where K; — 1 as i — o0). In particular, fip is the identity on A. Moreover, as discussed
previously, h; converges uniformly to the identity map as i — oo. Denote this modulus of
uniform convergence as w;.

Define the following closed intervals in R c C:

I'=[0,1], IP=[1,00] and I’ =[o0,0].

~-1

Let T be a triangle arising as a component of P; — A;, distinct from A. Then, fl.p (T) and
~-1 ~-1
fl.p (A) = A are triangles in the ideal triangulation fl.p (A;) of H2. In particular, they do not

~-1

intersect, so the vertices of fl.p (T) all lie in I¢ for some ¢ € {1,2,3}. Thus, as fi is uniformly
wi-close to the identity, the vertices of T are contained in N,,(I), the w;-neighborhood of I
in C.

As the vertices of T are trapped in a shrinking neighborhood of I/, we have that

TTNN,(AT) =0,
which in turn implies that

sup distgs(p, A™T) > 1.
peTn
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It follows that 1 (A7) N 1, (T7) = @ for 0 < 51,5, < 1/2. We conclude the theorem holds for
t(n) =n/2. O

For i sufficiently large depending on 7, the lemma allows us to define a map
Gi:El — P]

which takes g € E? back to the unique p € P? so that n;(p) = g. This is well defined as the
components of E? given by normal flow starting at some triangle of P? never intersect. We
are also using the fact that the normal flow is injective when restricted to a geodesic plane.
Moreover, G; is smooth.

As we will explain in the beginning of the proof of Lemma 2.7 below, it is possible to
take i large enough so H? lies inside E?. We can thus restrict G; to H? and obtain the inverse
of F?. This restriction is Lipschitz and hence sends sets of measure zero to sets of measure
zero.

iii. It suffices to show that det(dP?) converges uniformly to 1 in the fixed triangle A",
namely

Proposition 2.6. || det(dF;) — 1||poan — 0asi — oo.

Indeed, if Tj; C P; is a sequence of triangles, there are Mobius transformations f;;, so
that f;T; ( fij)‘l = A while fi A fzj‘1 is still trapped in a 6(i) neighborhood of R, where
6(i) = 0i(1) and does not depend on j. Therefore, conjugating by f;; does not affect the
following analysis and in particular det dF; being uniformly close to 1 in A7 implies det dF;
is uniformly close to 1 in all of P?.

Recall that 7; is the time it takes for a point p € A" to hit H:“ via the normal flow, i.e.,

7i(x) = inf{t > 0 : ny(x) € H}.
In order to prove Proposition 2.6, we will need the following
Lemma 2.7. ||Ti||c1(m) — 0asi— oo.

Proof. We begin by showing that

(2.8) I Tillp(any = 0 as i — oo.

Recall that A; = f;(R), where the f; are K;-quasiconformal maps with K; — 1 that converge
uniformly to the identity on C. In particular, we can find a function 5(i) — 0 with i — o so
that A; C Ni(;)(R). Let IT" and IT- be the totally geodesic planes satisfying

8001'[1* U 8001'[1‘ = &Né(l')(R),
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)

T

(1) wl ki

Ficure 5. If 6; was smaller or equal to 6; = cos™(tanh 7;(p)/ tanh 7)) as in
the figure above, then the supporting plane to H." containing F;(p) would
intersect A, in a violation of convexity.

with TT! in the same side of the plane containing A as H;. Let Ti(x) be the time it takes for
a point x € A" to hit Hlf via the normal flow, i.e.,

Ti(x) = inf{t > 0 : ny(x) € IT}.

By construction, 7;(x) < Ti(x) for x € A". Inaddition, as 6(i) — 0, we also have that T;(x) — 0
uniformly in x, with i — co. This shows 2.8.

Let p € A" be a point outside of F;(8;) and let v € T,A" be a unit vector. Now, we show
that

(2.9) dti(p)(0) =3 0

uniformly in (p,v) € T' A

Let 0;(p, v) be the angle in (0, 71/2] that the geodesic normal to A through p makes with
the curve s = Fi(exp, sv), for s > 0. It suffices to show that this angle is uniformly close to
1t/2 as (p,v) varies in TL AN

Let a; be the angle based at F;(p) between the normal geodesic t = n;(p) to A at p and the
geodesic segment from F;(p) to expp(nv). (See Figure 5.)

Note that a; < 0;. If that was not the case and 0; was any smaller, the supporting
plane of H;r containing F;(p) would intersect the intrinsic disc B,(p) C A of radius 7, in a
contradiction of convexity.

On the other hand, from trigonometry,

cos 0; < cosa; = M.
tanhn
Thus, as [|7;l|L~amn — 0 as i — oo, it follows that cos 0; — 0 uniformly in (p, v). This finishes
the argument. ]
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Proof of proposition. For p € H?, let v,w € T, H>. We let area, (v, w) denote the area spanned
by v and w in T, H?, with respect to the hyperbolic metric G = (-,-) of H3. In formulas,

det [(v, vy (v, w)]

1/2

areay(v, w) = .w) (w,w)

The Radon-Nikodym derivative detdF; measures the area distortion caused by F;. If
p€E A?, we have
area(dF;(p)v, dFi(p)w)
area(v, w)

detdF;(p) =

7

where v and w are distinct vectors in Trl, H3.

Consider the coordinates in H® given by (x, y, ) = ns(x,y), where we choose (x,y) € H?
so that dy and d,, form an orthonormal basis for T, H?, where H? denotes the geodesic plane
containing A. In these coordinates, the metric on 1;(H?) is given by

G; = cosh’ t Sm2 + dar?,
where gy is the hyperbolic metric of H2. We also have

Fi(x/ Y, 0) = (.X', Y, Ti(x/ Y))/
and forv € T,,Hz,
dFi(p)(v) = v + dti(p)v I

With these explicit formulae for dF; and G;, we can calculate the area distortion det dF;(p),
which turns out to be
area(dFi(p) 9y, dFi(p) 9,)
area(dy, dy)
:Parwﬁﬂ@+@ﬂﬁw 9xTi(p) Iy Ti(p) ]

IxTi(p) dyTi(p) cosh? Ti(p) + (9yTi(p))*
1/2

detdF;(p) =

1/2

= (cosh* 7(p) + IV7i(p)* cosh® 7i(p))
Using Lemma 2.7 above, we see that

|detdF; — 1{|poam — 0 asi — oo.
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As argued above, it follows that
|| detdF; — 1||Lw(P?) — Qasi— 0.
This concludes the proof of item iii of Proposition 2.4. m]

Let H? = Fz-(P?) and let R? be its projection to M. Let fz? be the area measure of HZ” and
let h? be the restriction of k; (the probability area measure of R; = F\Hl.+) to R?.

Corollary 2.10. 1(M —R]) — O as 1 — 0.

Proof. Given an ideal triangle T C P; — A;, the area of F?(T’?) is larger than that of T". Since
R; and X; = I'\P; have the same area (as they are pleated and homotopic to each other), the
corollary follows from the fact that p;(M — Z?) —0asn—0. m]

Claim 2.11. Let (g,) C C(Gr H?) be a bounded and equicontinuous family of functions, namely
i. sup, |Igallec < 00 and the support of the (a) has uniformly bounded diameter.

ii. There is a function w : (0, c0) — R satisfying w(6) — 0as 6 — 0 such that

|g£x(x) - ga(]/)| <w (diStGrH3(xr y)) .
Then,
sup

f 8a dﬁ? - f Sa dﬁ?
a GrH3 GrH3

Proof. Since detdF; = d(F;fz?) / dﬁ?, we have

—0asi— oo,

f S dfl? = f Qa(Fi(x)) detdF;(x) dﬁ?(x).
GrH3 !

Thus,

’f gadﬁ?_f gad’jl?'sf |gaOFi||det(dFi)_1|dﬁ?+f|gaoFi_ga|dE?
GrH3 GrH3 ! !

From the boundedness and equicontinuity of g, (including the fact that the supports of g,
and hence g, o F; have uniformly bounded diameter) and the fact that detdF; converges
uniformly to 1 (Claim 2.4), we see that the right hand side of this inequality goes to zero. O

Claim 2.12. Let g € C(GrM). Then,

lim gdp? = lim gdh?.
1= JGrM 1= JGrM
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Proof. It suffices to take a ¢ supported in a small geodesic ball B ¢ Gr M. Let B be a lift of
this ball to Gr H3. Then, there is § € C(Gr H3) and a finite set K; C T so that

’7 —
S5 = ey 2 e 07

71
Gng area(R) Z‘ fcrm goydh.

Note that (§ o y),er is a bounded and equicontinuous family of functions in C(Gr H?).
We claim moreover that the K; can be chosen so that

and similarly,

sup, #K;
< 0
area(XZ;)

Indeed, let 2B € Gr M be a ball of twice the radius as B, centered at the same point. Then,
#K; is no larger than the number of connected components of X; N 2B that meet B. Each
such component C satisfies area(C) > c(B), where c(B) is a constant depending only on B.
Thus, we have

#K; - c¢(B) < area(X;),

which shows that #K;/ area(X;) < c(B)™!
Using the fact that area(X;) = area(R;), we estimate

dﬁ-f an| < f o d~’7-f 50y dif!
Gng Pi Gng afea(z) GrH3g Vi GrH3g v

a Supf goydﬁ?—f goydfl?’-
GrH?3 GrH?3

<
area(Ty) ot

The term above goes to zero as i — oo due to the boundedness of #K;/ area(X;) and the

boundedness and equicontinuity of (g © y)yer. m]

Finally, let g € C(Gr M). Then,

[ san= [ gan
GrM GrM

[ st [ oo [ gt [ gt
GrM GrM GrM P GrM ! !

[ gi= [ ganl] igeeicenn (0 - =+ I - D).
GrM GrM

<

<
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Claim 2.12 implies that the first summand in the expression above goes to zero as i — oo.
The second summand, in turn, goes to zero as n — 0, from Corollary 2.10. Since 1 was
arbitrary, we have shown

gdpi—f gdhi‘—>0asi—>00.
GrM GrM

In particular, if a subsequence p;; converges to v, then so does h;; and vice-versa. This
completes the proof of Theorem 2.2.

2.5. Minimal surfaces. A map f : S — M of a surface S into M is minimal if the principal
curvatures of f(S) (a minimal surface) sum to zero at every point. These surfaces turn out to
be locally area-minimizing.

Let f : S — M be a mj-injective map of a hyperbolic surface S into M. Schoen-Yau [26]
and Sacks-Uhlenbeck [25] show that f is homotopic to a minimal map f”. In addition,
Uhlenbeck shows that if the principal curvatures +A(p) of f™(S) satisfy A(p) € (-1,1) for
every p € f"(S), then f™ is quasifuchsian and it is the unique minimal map in its homotopy
class. Finally, Seppi [27] shows that for a minimal K-quasifuchsian map f : S — M with
K small enough,

Theorem 2.13 (Seppi). The principal curvatures +A of f™(S) satisfy
”A”L‘x’(f"’(S)) < ClOg K,

for an universal constant C.

Combining these theorems, we see that if f; : S; — M are asymptotically Fuchsian maps,
then for i large enough f; is homotopic to a unique minimal map f". In addition, the
principal curvatures of f"(S;) go to zero uniformly as i — co.

2.6. Proving Theorem 2.3. We will now restate and prove Theorem 2.3. Asbefore, f; : 5; —
M are asymptotically Fuchsian maps and fl.h is the pleated map homotopic to f; coming
from the top component H:" of Q; = (fi)«(r15;). We let f" be the minimal maps homotopic
to fi. We denote the probability area measure induced by f" and fl.h as m; = v(f/") and

hi = v( fl,h).
Theorem. A subsequence m;; satisfies m;, RNy if and only if h;, L)

We let fl~’” be the lift of f" to H? so that 800]7[2 is the limit set A; of Q;. We let 171; and 71; be

the area measures induced by }:’Z and flh on GrH3. As before, ; is the bending lamination
of Hf, R; = '\H;" and we put N; :=T'\D; = fH(Si)-
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Ficure 6. Illustrating Proposition 2.15

As in the proof of Theorem 2.2, we define a map
F;:D; — H;
where F;(p) is given by flowing p in the direction normal to D; for the time 7;(p) it takes to
hit H. Concisely, Fi(p) = 11, (p)-
Claim 2.14. The map F; satisfies the following properties:

i. F; is differentiable outside of F;(;)
ii. 17;(F; 1 (Bi) = 0
i, || det(dE;) — 1oy — 045 i — o,

To prove this claim, we will use the following rephrasing of Proposition 4.1 of Seppi in
[27]:

Proposition 2.15. Suppose i is large enough that the uniformizing map f; has Bers norm ||fi|lp <
1/2. Then, we may find surfaces D; and D} that are equidistant from D; so that the region between
D> and D} is convex and thus contains core Q;.

Moreover, given x € D;, there is a geodesic segment a from D; to D}, meeting D; and D¥
orthogonally, whose length satisfies

(2.16) {(a) < arctanh(2||fi||B).

In particular, given x; € D;, let P! and P; be the geodesic planes tangent to D} and D;
at the endpoints of the segment ;. From 2.16, we see that the distance between P} and P
goes to zero as i — oo and does not depend on the chosen point x; € D;.
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Proof of Claim 2.14. i. Let x € D; — Fl.‘l(ﬁi). Then, F; maps a disc around x to a piece of a
totally geodesic plane in H" by the geodesic flow in the normal direction. This is a smooth
map.

ii. Let E be the set containing all the points above D;” and below D;". This set is foliated
by surfaces Df equidistant to D;, for ¢ € [-dist(D;, D)), dist(D;, D;r)]. The set E is also
foliated by the orbits of the geodesic flow going through points in D; and their normal
vector. These flow lines never meet. If they did, the pullback metrics of the D on D; would
be degenerate, which is the not the case, as their principal curvatures are given by

A —tanht an —-A —tanht
1 - Atanht 1+ Atanht

and A € (-1,1).
In particular, we can define a map

G,:E— D,

which takes y € D! C E back to the point x € D; so that g;(x,7) = y. This map is smooth
and in particular, its restriction to H; is Lipschitz and hence takes sets of measure zero to
sets of measure zero. Thus,

mi(Gi(B:)) = mi(F; (B:)) = 0.

iii. As before, first we show that the hitting times 7; converge to zero uniformly on D; in
the C! sense.

Lemma 2.17. ||zillcyp,y — 0 as i — oo,

Proof. The fact that [|7;|[;~p, — 0 as i — oo follows readily from Seppi’s Proposition 2.15.
It remains to show that dt;(p)v — 0 asi — oo uniformly in TY(D, - Fi‘l(ﬁi)). This in turn will
follow from Seppi’s Theorem 2.13 that says that the principal curvatures of D; converge
uniformly from zero.

For (p,v) € T! D;, we let 0i(p, v) be the angle in (0, 71/2] that the geodesic normal to D; at
p makes with the curve s Fi(expp sv). As in the pleated case (Lemma 2.7), it suffices to
show that 0;(p, v) — /2 uniformly in T!D,.

Fix n > 0. Again, we let a; be the angle based at F;(p) between the normal geodesic
t = n(p) to A at p and the geodesic segment from F;(p) to expp(qv). Let exp,[l,J o Tllq D; — D;
denote the exponential map intrinsic to D;. We let a’ be the angle based at F;(p) between
the normal geodesic t — n4(p) to A at p and the intrinsic geodesic segment of D; from F;(p)

to expi? ‘(no).
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o) 1

Ficure 7. The angle 0‘:‘ is defined in a similar way to a;, except that it is
opposite to an intrinsic geodesic of D; of length 1), rather than a geodesic of
H3.

Note that a < ;. If that was not the case, a supporting plane to H;" based at F;(p) would
meet D;, in a violation of convexity.

Due to the principal curvatures of D; going to zero asi — oo, it follows that the difference
between «; and «] also goes to zero unformly as i — co. In other words, there is a quantity

w; — 0 as i — oo (which depends on the choice of 11 > 0, but not of (p, v) € T! D;), so that
|cos o — cos a}| < w;.
But as before, cos a; = tanh(7;(p))/ tanh . Thus,

tanh [|7;||r=(p,) im0

cos0; < tanh 7 +w; — 0.

O

For each i, we choose coordinates on H3 given by (x,y,t) = ni(x,y), where (x,y) are
coordinates for D; chosen so that d, and 8y form an orthonormal basis for T,,D;. (The
points p; are chosen in the full measure set D; — Fi‘l(ﬁi).) In these coordinates, the metric G;
on ny(D;) is given by

Gt = g +dt?,

where at 1;(p;), the matrix entries of g; corresponding to the basis dy, d, are given by
(%) gt = (cosh t1d + sinh tA;)?

and A; is the second fundamental form of D;. (See Section 5 of Uhlenbeck [31] for details.)
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As before, in these coordinates we have Fi(x, y,0) = (x,y, 7i(x, y)) and so dF;(p)v = v +
dti(p)vd/dt. Thus,

detdF;(p;) = area(dF;(p;) dx, dFi(p;) dy)

det |:g’[i(p,-)(ax/ ) + (9x7i(pi)? IxTi(p) dyTi(pi) ]
dx7i(pi) dyTi(p) Srip) By, Fy) + 9y Ti(pi))?

1/2
= (10212 () 9y 2.y + @TilP) 10y 2 ) + @yilp)?I022 )

1/2

Above, |(9x|3]_ @) and IBylii(pi) denote, respectively, the first and second diagonal entries of

$ri(py)- From Seppi’s result (Theorem 2.13), we know that the second fundamental forms A;
converge uniformly to the zero matrix as i — oo. In view of the formula (x), it follows that
Iaxli(pi) and |ay|§i(pi) both converge uniformly to 1 as i — oo.

In addition, from Lemma 2.17, we know that the derivatives of 7;(p;) converge to zero as
i — oco. We can thus conclude that

ldetdFi(p) — 1llr=p, — 0 asi — oo.

Let 171; and }; be the area measures of D; and H;r in Gr H3.

Claim 2.18. Let (3,) C C(Gr H?) a bounded and equicontinuous family of functions. Then,

f gadmi—f gadfzi‘—>0asi—>oo.
GrH3 GrH3

Proof. The proof is the same as the proof of Claim 2.11, substituting ; for fz? and 7i; for
5
pr. m

1

sup
a

Now, let ¢ € C(Gr M). In a similar fashion to the proof of Claim 2.12, we proceed to show
that

lim gdm; = lim gdh;.
1= JGrM =00 JGrM

As before, we may choose g to be supported in a small geodesic ball B ¢ Gr M. For a lift B
of B to Gr H?, there is § € C(GrH?) and a finite set K; C T so that

1 ~ -
Gngdmi - area(Ni) );I; \[GrH3 &° Vdmz
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1 ~
dhj = ——= f g oydh.
Lng ' area(X)) y;(‘i e T

As before, (§ © y)yer is a bounded and equicontinuous family of functions in C(Gr M),
and the K; can be chosen so that sup, #K;/ area(Z;) < oo.
Now we estimate

1
dm; —f dhi' <
fGrM 8 GrM & area(zi) );i

#K; |f g”oydﬁi,-—f goydﬁi‘+
GrH3 GrH3

< ———=<su
area(X;) 7,65
The upper bound above goes to zero as i — oo due to the boundedness of #K;/ area(X;);
the equicontinuity and boundedness of (g o y),er and the fact that area(Z;)/ area(N;) goes
to 1.
To see the latter, say +4; are the principal curvatures of N; and g; is the genus of S;. Using
the Gauss-Bonnet formula, we have

and similarly,

area(X;)
area(N;) Jerms

goydmi—f goydfli}
GrH3

area(Zi)‘ . i
! area(N;) IIgOV||L1(hi)]-

area(zi)‘ 1 f
- = 1d 21(20;: =2
' area(N;) area(N;) N, area —2m(2g; — 2)
1
) ldarea— | A?d
area(N;) fN,- area fN A area
< 1 — A2||j s area(N,).
- al‘ea(N,-)” ?llL(n;) area(N;)

We know that ||1 — AI-ZHL""(Ni) — 0 as i — oo due to Seppi’s Theorem 2.13.

3. BUILDING SURFACES OUT OF GOOD PANTS

In this section, we will outline how to construct a mi-injective closed oriented nearly
Fuchsian surface in M out of good pants. This is the Kahn-Markovi¢ surface subgroup
theorem [10], though our exposition will line up with that of Kahn and Wright [12] as well
as use some notation from Liu and Markovi¢ [16].

3.1. Building blocks. The following paragraphs define the many terms related to the
building blocks of this construction.
An orthogeodesic y between two closed geodesics ap, a1 C M is a geodesic segment
parametrized with unit speed going from a to @; and meeting both curves orthogonally.
We denote by I'c r the space of (€, R)-good curves. Those are the closed oriented geodesics
whose complex translation length 1(y) is 2e-close to 2R.
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Ficure 8. Short orthogeodesics and feet of a good pants.

Let Pg be the planar oriented hyperbolic pair of pants whose cuffs C; have length exactly
2R for i € Z/3. We define the space I, r of (¢, R)-good pants to be the space of equivalence
classes of maps f : PR — M so that f(C;) is homotopic to an element of T’ r, for all i € Z/3.
Two representatives f and g of elements of Il are equivalent if f is homotopic to g o ¢
for some orientation-preserving homeomorphism 1 : P — Pg.

We let ﬁe,R be the space of ends of (¢, R) good pants, which can be thought as good pants
with a marked cuff. Precisely ﬁe,R is the space of equivalence classes of pairs [(f, C;)], where
f € g and C; C JPp is a cuff. We say two representatives (f, C;) and (g, C;) of elements
of Tl are equivalent if f is homotopic to g o 1, where 1 : Pr — Pg is an orientation-
preserving homeomorphism ¢ : Pr — Pr so that i(C;) = C;. Note that forgetting the cuff
of [(f,Ci)] € lA:Ie,R defines a three-to-one surjection from e : ﬁe,R — Il r. For € Ilc g, we
call e71(n) the ends of .

For y € I'cr, we let IF:I&R()/) be the [(f,C))] € ﬁe,R so that f(C;) is homotopic to y or its
orientation reversal y~!. We can decompose ﬁe,R()/) into H:,R(y) U H;R(y), where H;R(y)
consists of the [(f,C;)] with f(C;) ~ y and I'I;R(y) consists of the (f,C;) with f(C;) ~ y~L.
There is a bijection

rTR(y) — TR (7)

given by r([(f,C)]) = ([(f o p,Ci)]), where p : Pr — Py is the reflection along the short
orthogeodesics of Pr. We let Il z()) denote the quotient of ﬁelR(y) by r.

The planar pair of pants Pr is equipped with three short orthogeodesics, which are the
orthogonal geodesic segments from one cuff to another. The short orthogeodesic from
Ci to C; is denoted a;;. A marked pair of pants 7 € ﬁe,R comes with left and right short
orthogeodesics, respectively denoted 1’ (rt) and 1’ (1), which are defined as follows. Choose
a representative (f,C;) € 7 that sends cuffs C; C dPg to geodesics y; ¢ M. We let n(m)
be the geodesic segment homotopic to f(a;;+1) (through segments from y; to y;_1) meeting
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Ficure 9. A good gluing between 71 and 7.

y; and y;_; orthogonally. Similarly, n"(r) is the geodesic segment homotopic to f(a;;-1)
meeting y; and y;.1 orthogonally. Note that these definitions do not depend on the choice
of representative in 7.

We endow the short orthogeodesics of  with unit speed parametrizations, and from
their construction, they are oriented to go from y; to the other cuffs. The feet of a short
orthogeodesic y of m are the unit vectors —1’(0) and n’(£(n)). We call ft{(n) = —(n[(n))’(O)
and ft' (1) = —(1 (1))’ (0) respectively the left and right foot of 7.

We define the half length hl(y;) of y; to be the complex distance between lifts of 1;,_1 and
1ii+1 to H3 that differ by a positively oriented segment of y joining ;1 to 1;;+1. It turns
out that 1(y) = 2hl(y) (see [12], Section 2.8).

The unit normal bundle N'(y) to a oriented closed geodesic y in M is acted upon simply
and transitively by the group C/(1(y) + 2miZ). We define Nl(\/)7) to be the quotient of
N'(y) by the involution n + n + hl(y). This is acted upon simply and transitively by
C/(hl(y) + 2miZ).

As hl(y) = 1(y)/2, the left and right feet of € ﬁe,R()/) turn out to define the same point
in N''( /7). We thus have a map

ft: ﬁe,R(y) — N! (\/)7)

which assigns the pants in 7 to its foot in N( 1/7)- This map is also well defined on the
unoriented version Il r(y).

Two pants 71, 12 € ﬁelR(y) that induce opposite orientations on y are (e, R)-well matched
or well glued along y € I'cr if

. €
dlStNl(W)(ft 11, T(ft 12)) < R

where 7 is the translation of N'( \y) given by 7(x) = x + 1 +im. In other words, the shearing
between the feet is always approximately one (and the in takes into account that they point
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toward nearly opposite directions). Heuristically, the nearly constant shearing ensures you
are never gluing the thin part of a pants (near the short orthogeodesics) to the thin part of
another pants repeatedly.

For a finite set X, we let .Z(X) be the space of measures on X that are valued on the
nonnegative integers. For u € .Z(X), we let .(u) be the multiset consisting of u(x) copies
of eachx € X. For u € #(Il.r), welet i € 4 (ﬁe,R) denote the measure so that fi(7) = u(m)
for any end 7t of . For y € I'. g and .# a multiset of elements of ﬁe,R, we let .%, consists
of the elements of .7 that also lie in ﬁe,R()/). The multiset .%, decomposes into a disjoint
union %, U.Z, of the ends reversing and preserving the orientation of y. There is a map

d: MMer) — A (TeR)

defined via du(y) = ZnéﬁeR(y) p(m).

We say a surface is built out of  if it is obtained from gluing the elements of a submultiset
of ends .7 C “(fi) via bijections 0y : %, — Z for every cuff y € suppdu. A surface is
(e, R)-well built out of u if all the gluings are (¢, R)-good.

3.2. Assembling the surface. The first step in the construction is to show that a surface
made out of good pants glued via good gluings is essential and nearly Fuchsian. Precisely,

Theorem 3.1. For R > 0 large enough and € > 0 small enough, the following holds. Let
u € A (Il R) be so that a closed surface S may be (€, R)-well built from . Then, S is essential and
(1 + O(e))-quasifuchsian.

Proof. The proof of this is long and is the content of Section 2 of [10]. A more concise proof
that p is K(e)-quasifuchsian, with K(e) — 1 as € — 0 (without the quantitative statement
that K(e) = 1 + O(e)) can be found in the appendix of [12]. O

It remains to find such a measure p € .# (Il¢ r) from which we can build a closed surface
with good gluings. The matching theorem below tells us we can take u to be the measure
e r that gives weight 1 to each 7t € I .

Theorem 3.2. For € > 0 sufficiently small, there is R > Ro(€) so if y € I¢ g, there is a bijection
oy : Tg(y) — TLER()
with the property that 1t is (€, R)-well matched to o, (r) for all 7t € TI_ (7).

Gluing the pantsin ﬁG, r(y) viaoy for every y gives us a closed surface whose components,
by Theorem 3.1, are essential and (1 + O(e))-quasifuchsian.

The crucial ingredient in the proof of the matching theorem is the fact that the feet of
pants in I, r are well distributed in Nl( \fy) for every y € I'cr. This is the content of the
equidistribution theorem below.
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Ficure 10. The feet of the good pants with cuff y are well distributed in N( V)
Theorem 3.3 (Equidistribution of feet). There is g = q(M) > 0 so that if € > 0 is small enough
and R > Ro(e), the following holds. Let y € Te . If B C N'(+fy) is measurable, then

{meller(y): ftmeB
C(e,R,y)

(1 - 8)A(N_sB) < # b o (1 + 5)A(NyB),

where A = A, is the probability Lebesgue measure on N( V7). 6 = e7R, Ni(B) is the 6-neighborhood
of B, N_s(B) is the complement of Ns(N'( \7) — B) and C(¢, R, y) is a constant depending only on
€, Rand 1(y).

Proof. The proof of the equidistribution of feet is the content of [13]. The main engine is the
mixing of the frame flow in Fr M. We use a slight generalization of this theorem in Sections
5 and 6, which is explained then. O

To complete the exposition, we will include a proof of the matching theorem using the
equidistribution of feet along a curve. This is a relatively short argument which uses the
Hall marriage theorem of combinatorics. Before stating it, we fix some notation: in a graph
X, we write v ~ w for two vertices v and w that are connected by an edge. For a set A of
vertices, we let IN1(A) be the vertices w ¢ A satisfying w ~ v for some v € A.
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Theorem 3.4 (Hall marriage). Suppose X is a bipartite graph, i.e., the vertices V of X are the
disjoint union of V1 and V,, where no two elements of a given V; are connected by an edge. Then,
there is a matching m : V1 — V5, namely an injection so that v ~ m(v) if and only if

#A < #IN1(A)

for any finite A C V7.

We will also use the following fact. Let M be a d-dimensional Riemannian manifold
with Riemannian volume measure | - | and (d — 1)-dimensional Hausdorff measure %1,
We define the Cheeger constant h(M) of M to be the infimum of H?"1(dA)/|Al, taken over all
measurable subsets of M satisfying |A| < |[M]/2.

Proposition 3.5. Suppose a measurable A C M satisfies IN,(A)| < |[M|/2 for some 1 > 0. Then,

INy(A)|
Al

> 1 + nh(M).

Proof. One incarnation of the coarea formula ([22], Theorem 5.3 or [22], page 77) says that
if f : M — Ris a Lipschitz function and B C M is measurable, then

_ * d-1 -1
fBIVfI—IDOW (BN fL(t))dt.

Let us take f(-) = dist(-, A), which is a 1-Lipschitz function with |V f| = 1 almost every-
where in the complement of A and B = N;(A) — A. The coarea formula then specializes
to

Ul
IN,A— Al = f HL(ON,A) dt.
0
Since H*1(IN;A) > h(M)|A|, the above equation tells us [NyA — A| > nh(M)|A]. O

The Cheeger constant of the flat torus N( \/y) satisfies h (Nl( \/)7)) > 1/R (see [8]). Thus,
if A ¢ N'(/y) satisfies A(N;(A)) < 1/2, we have

/\(Nq(A)) n

(36) TA) > 1+ E

We also define
FtB := #{r € I r(y) : ft € B}.

The inequality 3.6, together with the equidistribution of feet gives us
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Lemma 3.7. Let B c N( \y)and let p : N L \Vy) — N( \Y) be a translation. Then,
Ft B < Ftp (Ne/rB).

Proof. From the equidistribution of feet and the fact that p is measure preserving, we have

that

Ft p(N/rB
(1 - 8)A (Nejr-sB) < Ftp(Ne/rB)
Ce,R,y

Thus, it suffices to show that

FtB
Ce,R,)/

(3.8) < (1-6)A(Nejr-sB).

Using the equidistribution of feet again, we have that

FtB
Ry

< (1+68)A(NsB).

This reduces our goal to showing

1-6
(3.9) A(NeB) < 11 (NE/R_(SB).

Suppose now that A(N¢/2rB) < 1/2. From equation 3.6, we have that

A (N3B) < A (Ney2rB).

1+ (ﬁ - 6) x
But if R is large enough, as 6 = ¢~ we have!
1 1-0
< .
1+ (ﬁ — 6) 1 1+0
Thus, we conclude that 3.9 holds if A(N¢/grB) < 1/2. In particular,

FtB<Ft p(Ne/RB)

holds in this case.

1
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On the other hand, if A(N¢/2rB) > 1/2,let C = N( \7) —Ne/rp(B). Then, A(N¢/2rC) < 1/2
and so by the same argument as above, for C instead of B and p~! instead of p, we have

Ft C < Ft p™{(N¢/rC).
But Ft C = FtN( \y) — Ft p(N¢/rB) and Ft p‘l(Ne/RC) = FtN'( \7) — Ft B. Therefore,
Ft B < Ft p(N¢/rB),
in this case as well. This completes the proof of the lemma. m|

Proof of the matching theorem. For y € I'c g, we can make ﬁe,R(y) into a graph by saying that
11 ~ mp if My and 7y are (g, R)-well matched, namely if they induce opposite orientations
on y and diStNl( W)(ft 71, T(ft 112)) < €/R, where 7 : N( \VY) & N( 1/7) is the translation
7(x) = x+ 1 +im. Since only the pants inducing opposite orientations on y may be matched,
ﬁe,R(y) =II_ o () UIIZ o (y) is a bipartite graph. We wish to show there is a matching

oy I R(y) — IR (p)-
By the Hall marriage theorem, it suffices to show that for A C I (),

H#A < ONy(A)
=#n" eI L (y) : |ftn" — t(ft77)| < /R for some 7~ € A}
= Ft (N g ft A).

This, in turn, follows from Lemma 3.7 for B = ft A and p = 7.
Since the sets IT_  (y) and IT () are finite and have the same cardinality, it follows that
oy is a bijection, which concludes the proof of the matching Theorem 3.2. m]

In summary, we have shown the matching Theorem 3.2, which allows us to build a
closed (1 + O(e))-quasifuchsian surface S¢ g in M by gluing one copy of each pants in Il r
via (e, R)-good gluings.

4. CONNECTED SURFACES GOING THROUGH EVERY GOOD PANTS

Recall that uer € .#(Il.Rr) is the measure so that uer(m) = 1 for each € Il r. In the
previous section, we have seen that a closed, oriented, essential and (1+O(e))-quasifuchsian
surface S¢ g may be built from e . We do not know, however, whether S. i is connected,
or what its components may look like. Following ideas of Liu and Markovi¢ [16], we
show that if we take N = N(¢, R, M) copies of S¢, it is possible to perform cut-and-paste
surgeries around certain good curves in order to get connected closed, oriented, essential
and (1 + O(e))-quasifuchsian surfaces §6,R.
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Theorem 4.1. There is an integer N = N(e,R, M) > 0 so that a connected, closed, oriented,
essential and (1 + O(e))-quasifuchsian surface may be built from N e r.

We define a measure p € .#Z(Il.r) to be irreducible if for any nontrivial decomposition
p = p1 + U, there is a curve y € I so that y lies in supp du; and its orientation reversal
y~! lies in supp dua.

If y is not irreducible, then no connected surface may be built from . In fact, if there is
a nontrivial decomposition = g + o so that if y € supp dus, then y~! ¢ supp du,, then
no pants in supp dy may be glued to pants in supp duo. Thus, a surface built out of p will
have at least two components.

On the other hand, if u is irreducible, we have the following theorem, which is close to
Lemma 3.9 of Liu and Markovié [16]. (They do not assume u to be positive on all pants,
using a weaker hypothesis instead, but the conclusion is the same.)

Theorem 4.2. Suppose u € # (Il R) is an irreducible measure so that u(m) > 0 for every m € Ie g
and a closed surface may be (€, R)-well built from u. Then, there is an integer N = N(u) so that a
connected closed surface may be (2€, R)-well built from Np.

In view of that, our goal for this section is to prove that g is irreducible. Fortunately,
we have the following theorem, which is Proposition 7.1 of [16].

Proposition 4.3. Given two curves yo,y1 € I'er, we may find a sequence of pants my, ..., 7, in
Il & s0 that yg is a cuff of mo, y1 is a cuff of m, and 1; may be glued to 1,1 for 0 < i < n.

The gluings in the proposition above are not necessarily (€, R)-good.

Proof sketch. For any curve y € I'¢R, it is possible to use the mixing of the frame flow to
show there is a segment a from y to itself, dividing y into two pieces of approximately
equal length and with the property that the curves homotopic to each of the bigons formed
by y and a are (¢/10000, R)-good. (Liu and Markovi¢ call this construction splitting — [16],
Construction 4.17) Thus, we can think of y¢ and y; as boundaries of pants m and " whose
other cuffs are in I'c/10000,r and for the purposes of proving this proposition, we may assume
y0 and y1 are (¢/10000, R)-good.

Liu and Markovi¢ then use a construciton called swapping ([16], Construction 4.18) to
build a surface F made out of pants in Il r so that yp and y1 are connected components of
JF.

To explain a bit more about the swapping construction, we will need to introduce a
bit of their terminology. A framed segment is a geodesic segment in M with orthonormal
frames at its endpoints, where the first vectors of both frames are tangent to the segment.
An (L, 0)-tame cycle is a sequence s, ..., S, of framed segments of length at least 2L, with
the property that consecutive initial and terminal frames are within 6 of each other in the
metric on Fr M and with s,, ending on the initial point of s1. The reduced concatenation of
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[51---5m] Of 51,..., 5, is the unique geodesic in M homotopic to the concatenation of the
segments. An (L, 6)-tame bigon is an (L, 6)-tame cycle with two segments and an (L, §)-tame
swap pair of bigons is a pair of (L, 6)-tame bigons [a_a,] and [a” a’,] such that a; and af have
complex length 6-close to each other for s = — or + and [a_a’, ] and [a’ a, ] are also (L, 6)-tame
bigons.

Now let € > 0 be sufficiently small and L = L(e, M) be sufficiently large. The swapping
construction takes as an input a (10L, €/100)-tame swap pair of bigons [a_a,] and [a” a/,]
with the property that all of [a_a;], [a”a’], [a’as] and [a_a’] are in T g. The output is
a surface F built out of pants in Il. g so that JF has exactly four boundary components:
[a_a,], [a’a’ ], as well as the orientation reversals of [a” a,] and [a_a’ ].

A word on the proof of this construction: in the simple case when a_ and a, (hence also
a’ and a/) have approximately the same length, it is possible to using mixing to draw a
segment m from the initial to the final point of a_ with the property that all of [a;m] and
[ajm] arein T g, for s € {—, +}. These curves, together with [a_a.], [a”a’ ], [a”a,] and [a_a’ ],
bound four pants in Il g, which we glue together to get F. The general case requires a
more intricate construction, and the resulting F is made from 12 pants in Il g.

Now let us go back to our curves yp and 1 in I'¢/10000,r and explain how to use swapping
to build a bridge of pants in I g between them. Decompose y into segments a_ and ay,
with a_ of length R/2 and y; into segments b_ and b, with b, of length R/2. Using mixing
of the frame flow, it is possible to draw segments s and t of complex length €/10000-close to
R/2sothata_, s, by, tis a (100,€/100)-tame cycle (see Figure 11). Moreover, it is possible to
use the length and phase formula ([16], Lemma 4.8) to show that the reduced concatenation
y" = [a_sb,t] is in T'¢j100,r. Moreover, [a_a,] and [a_(sb,t)] form a (100,€/100)-tame swap
pair of bigons, so using swapping we can build a surface F; out of pants in Il g so yp and
y’ are components of JF;. Similarly, [b_b. ] and [(ta_s)b. ] are a (100, €/100)-tame swap pair
of bigons, so swapping gives us a surface F, built out of pants in Il g so y" and y; are
components of dF;. By gluing F; and F, along y’, we obtain a bridge of (¢, R)-good pants
between y and ;. O

Theorem 4.4. The measure [l R is irreducible.

Proof. Let uer = po + p1 be a nontrivial decomposition. Let Yo € suppduo and y; €
supp dui. In view of Proposition 4.3, there are pants 7y, ..., 7, in Ile g = supp er so that
Yo is a cuff of mg, y1 is a cuff of m, and 7; may be glued to 7;,1. This means there is a curve
y, which is a cuff of some 7, so that y € supp 1 and y~! € supp 2. This means i is
irreducible. m]

We conclude the section by providing a proof of Theorem 4.2. The regluing of surfaces
featured in this proof provides inspiration for the construction of non-equidistributing
surfaces in Section 7.
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o,

Is.

Ficure 11. Proof sketch of Proposition 4.3: joining y¢ and y; via segments s
and t.

Ficure 12. Proof of Lemma 4.5. On the left, we have the dual graph X to
the pants decomposition P of S. On the right, we have the double cover X.
TZ.1 and TZ.2 are the lifts of T; to X, which are nonseparating in X.

We start with the following lemma about pants decompositions.

Lemma 4.5. Let S be a surface with a pants decomposition P. Then, S has a double cover S to which
the pants in P lift homeomorphically to pants with nonseparating cuffs.

Proof. Let X = X(S, P) be the 3-regular graph whose vertices are pants in P and the edges are
the cuffs shared by pantsin P. Conversely, given a 3-regular graph X, we can obtain a surface
S with pants decompostion P by drawing pants-shaped tubes around a neighborhood of
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Ficure 13. Regluing S; to § j with a good gluing and reducing the number
of components of § while making sure the result is still nearly Fuchsian.

each vertex in X and identifying their cuffs along the edges of X. Thus, given a degree d
finite cover X of X(S, P), we get a surface S with pants decomposition P, which is a degree
d cover of S . Moreover, the pants in P lift homeomorphically to pants in P.
A cuff is separating in S if and only if its corresponding edge in X(S, P) is separating.
Thus, our task is to show that X has a double cover X that only has nonseparating edges.
To do so, let F = U, T; C X be the graph-theoretic forest consisting of all separating
edges of X, where the T; are disjoint trees. We also write X — F = I_I;.”le]-, where C; are

disjoint connected components. For each j, we take a double cover d; : ¢ j — C;. This gives
us a double cover d : I_I?iléj - I_I?ile.

Note that each éj consists of nonseparating edges. If some C j had a separating edge
e, it would have another separating edge ¢’, the image of ¢ under the nontrivial deck
transformation C i C j- Thus, C j — {e, ¢’} consists of three components, otherwise one of
e or ¢/ would not be separating. In particular, the inverse image of the (connected) set
C;j — dj(e) under d; would consist of three components, contradicting the fact that d; is a
double cover.

For each i, we attach a copy of T; to each of the two lifts that JT; has in u;”:lé]-. As a

result, we get a double cover D : X — X which extends d. (See Figure 12.) The trees T; C X
have nonseparating lifts to X, as both of their lifts are bounded by the same subset of the

e, o
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Proof of Theorem 4.2. Suppose the closed oriented essential (1 + O(€))-quasifuchsian surface
S we build out of . has ¥ components:

S=5uU---uS,.

We take a finite covering S = S U --- U S, of S of degree r so that the good pants lift
homeomorphically and and with the property that if a cuff y € I'er appears in §;, then it
appears at least 7 times in S jofor1 < j <r Inview of Lemma 4.5, we can take a double
cover of S to which good pants lift homeomorphically to good pants with nonseparating
cuffs. This lets us assume all cuffs in S are nonseparating.

The surface § is built out of a multiple Ny r of te,r, where N = 2r. Below we will explain
how we can make  cut and paste operations on cuffs of S in order to get a connected closed
(1 + O(¢))-quasifuchsian surface also built out of N r.

For y € Ier, let IIk(y) be the ends of pants in ﬁe,R()/) that lie in S;. We can divide
IL(y) =1 () u H;()/) that induce a negative and positive orientation on .

Consider the graph X whose vertices vy, ..., v, are in correspondence with the compo-
nents S1,...,5, of S. Two vertices v; and v jin X are connected by an edge when S;and § j
share a common cuff y € T¢r so there are pants 7i;” € IT7 () and ;€ I'[]T (y) satisfying

€

| ft, 7 —ftyn]T| < R

The irreducibility of uer comes in to play to show

Claim. X is connected.

Proof. Suppose by contradiction that X; € X is a connected component that is not empty
and not all of X. Let X; = X — Xj.

We may decompose Ny r as Nuer = fl1 + [iz, where each fI; has support in the pants
that make up the components of S corresponding to the vertices of X;. Moreover, the way
in which the § was constructed tells us that fi; = Nu;, where each y; is also a nonnegative
integer-valued measure on Il r.

In particular, we have a nontrivial decomposition per = 1 + p2. By the irreducibility of
e R there is a cuff y € I'e g appearing in the good pants decompositions of some connected
components of S corresponding to vertices in both X; and X,.

Let ITy (y) denote the ends of pants in II () coming from pants that lie in the compo-

nents of § corresponding to the vertices of X;, for i = 1 or 2. Let F; := ft,(IL} ().
We claim N¢/or(F1) U Nejor(F2) = N( V7). If we let F = ft,(I1_(y)), this is equivalent to
saying Ner(F) = N( \7)- The latter follows from the equidistribution of feet (Theorem
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3.3), which tells us

0 Ft(N'(yy) - F)

Ce,R,y

> (1-8) A (NLs(N'(vP) - ),

and so we see N(F) has full measure. Since 6 = ™R < ¢/2R, we get the desired conclusion.
As Nl( /7) is connected, we conclude Ne/2r(F1) N Nej2r(F2) # 0. Thus we may find pants
Ty € 1'[)‘(1 (y)and 1t; € H)_Q(V) so that

) _ _ €
dist (ft, 7, ft, ;) < R

This implies there is an edge between some vertex of X; and some vertex of X5, contra-
dicting the assumption that X; is a proper connected component of X. m]

Let T c X be a maximal tree. For an edge e of T between two vertices v; and vj, we
select cuffs y(e, S;) lying in S; and y(e, §)) in §; with the following properties. As cuffs in
I'cr they are the same ), € I'.gr and we may find T, € Hi‘()/g) and n]T € H]T(ye) so that
| ft,, 77 — ft), 7'c]T| <e€/R.

As both §; and § j are (€, R)-well built from pants Il g, both 77 and n]T are (g, R)-well
glued to some 7i]" and T(;' in ITY 1 (7e), respectively. Namely,

_ € _ €
|ft,, 7, — (ft,, )| < R and |[ft), T - T(ft,, n}“)l < r

Therefore, 7 may be (2¢, R)-well glued to n}“ and 7 may be (2¢, R)-well glued to 7.
From our hypothesis that each cuff originally in each component Sy appears at least »
times in each Sy, we can assume that all the y(e, Sg) are distinct as curves in the surfaces they
lie in. This means we can perform all these regluings at once, without worrying about one
regluing interfering in another. Thus we obtain a connected closed (1 + O(e))-quasifuchsian
surface built out of Ny, . O

5. BARYCENTERS OF THE GOOD PANTS ARE EQUIDISTRIBUTED

Let T c H? be an oriented ideal triangle. There are three horocycles based on the vertices
of T that are pairwise tangent, with their tangency points lying in dT. The points where
the horocycles meet JT are called the midpoints of the edges of T.

The geodesic rays from the midpoints of T towards the opposite vertices meet at the
barycenter b(T) of T. The framed barycenters of T are the frames (v, w, n) based at b(T), where
v points away from a side of T, n isnormal to T and v X w = n.
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BARYCENTeR

Ficure 14. Left: midpoints and barycenter of an ideal triangle. Right: one
of the three framed barycenters of an ideal triangle.

The barycenter of an ideal triangle T C M is the projection onto M of the barycenter of a
lift of T to H3. The framed barycenters of T C M are the projections to Fr M of the framed
barycenters of a lift of T to H>.

A good pants 1t € Il r has a pleated structure consisting of two ideal triangles, as in
Figure 15. Its barycenters are the framed barycenters of these ideal triangles.

We let ¢ r be the weighted uniform probability measure supported on the barycenters
of the pants in Il g. In this section, we will show

Theorem 5.1 (Equidistribution of barycenters). For € — 0 and R(€) — oo fast enough,

*
Be,Re) — VErM,
where vy is the probability volume measure on Fr M.

In other words, the barycenters of the good pants equidistribute in Fr M as € — 0 and
R(e) — oo. This will be used in Section 6 to show that the connected surface S r built out
of N = N(g, R, M) copies of each pants in I, g equidistributes as € — 0 and R — co. This
will follow from the fact that the unit tangent bundle of each pair of pants (outside of the
pleats) may be obtained from the barycenters via the right action of a set A € PSL; R.

5.1. Outline of the proof. We will show the equidistribution of barycenters, Theorem 5.1,
in three steps.

First, we will prove that the feet of all pants in Il g, seen as points in Fr M, equidistributes
ase — 0. Precisely, afoot f of © = [(f, C;)] € ﬁe,R is associated to the frame (v, f, v f), where
v is the unit tangent vector to the y € I'. g homotopic to f(C;). (With this identification,
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FiGure 15. Pleated structure of a pair of pants consisting of two ideal triangles.

we can realize N* (y) as a subset of Fr M.) We let ¢, r be the weighted uniform probability
measure on Fr M supported on the feet of pants in Il . We will show

Lemma 5.2 (Equidistribution of feet in Fr M). For € — 0 and R(e) — oo fast enough,

*
Pe,R(e) = VErM-

The proof of Lemma 5.2 will use the fact that the feet are well-distributed in the unit
normal bundle of a given good curve (due to Kahn-Wright [13], in a modified version),
as well as the fact that the good curves themselves are asymptotically almost surely well-
distributed in T' M (due to Lalley [15]).

Leta; = diag(e'/?, e7"/2) and k € SO, be the ninety-degree rotation bringing the first vector
in a frame to the second, fixing the third. The second step of the proof is to observe that

the right action? vg := Ry, 2k i1 of the element

ar/2 kalog( V3/2) € PSL2 C,

brings the feet of a pants 7 to frames that are very close to the framed barycenters of the
triangles of the pleated structure of .

We call the images of the feet of I, g under vg the approximate barycenters of the pants
in Il g. In Lemma 5.11, we show that the distances in Fr M between the approximate
barycenters and the actual barycenters of pants in Il g go to zero uniformly as e — 0.

Let 7 ; be the (weighted) uniform probability measure on the approximate barycenters
of the pants in Il g. We will show that these approximate barycenters equidistribute in
Fr M, namely

2We choose an origin 0 € Fr M and identify Fr M = PSL, C by sending go to g. We say that the right action
Ry, of an element /i € G on go € Fr M is given by R;(g0) = gho. This is an antthomomorphism R : G — AutG.
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C,

Ficure 16. The pants Pr divided into left and right hexagons, with its left
and right feet.

Proposition 5.3 (Equidistribution of approximate barycenters). For € — 0 and R(€) — o
fast enough,

a X
lge,R(e) VFr M-

To conclude, we use Lemmas 5.11 and 5.3 to show the main theorem of the section — the
actual barycenters of the pants equidistribute.

5.2. Left and right. In this subsection we will do some bookkeeping that will be useful to
carry out the rest of the proof.

Let Pr be the oriented planar hyperbolic pair of pants whose cuffs have size 2R, as
defined in Section 3. The cuffs of Pr are named Cyp, C; and C», as in Figure 16. As defined
before, each cuff C; has two feet in N(C;), which are unit vectors in the direction of the
short orthogeodesics incident to C;. The left foot of C; points away from C;_; and the right
foot points away from C;q.

We can cut Pr along its short orthogeodesics to obtain two right-angled hexagons Hﬁ and
Hp. The left right-angled hexagon Hf{ of Py is the one so that a traveller going around 8Hf2
in the direction given by the orientation of Pr sees the cuffs in the cyclic order (Co C2 Cy).
The right right-angled hexagon is the other one (associated to the cyclic order (Co C1 C7)).

As before, let vg be the right action of ag /zkalog( V32 € PSL; R. Observe that the image of

a left foot of P under vy falls inside HI{;. Similarly, the image of a right foot under vy, falls
in H,.
R
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Ficure 17. Spinning the hexagons of Pr into two ideal triangles.

We can turn the right-angled hexagons Hf; and H} into ideal triangles Tf; and Ty by
spinning their vertices around the cuffs, following their orientation. See Figure 17.

Let m € Il g and f € 7 be a pleated representative (so f(Pr) is made out of two ideal
triangles). Wecall f (TI‘;) the left triangle T! () of mand f(Ty) the right triangle T' (1) of . Note
that these are well-defined as they do not depend on the choice of pleated representative
in .

Now let 7t € ﬁE,R and (f, C;) € m be a pleated representative. The left barycenter of m,
denoted barf(n), is the framed barycenter of T¢(m) associated to the side f(C;). Similarly,
the right barycenter of 7, denoted bar’(n), is the framed barycenter of T"(7) associated to
the side f(C)).

5.3. Equidistribution of feet in Fr M. The goal of this subsection is to prove Lemma 5.2,
in other words, that

*
(Z)e,R(e) — VErM

as € — 0. To do so, we will use the fact that the feet of pants are well-distributed along a
good curve. This is Theorem 3.3, due to Kahn-Wright [12], but we will use the modified
version of Theorem 5.4 below. The difference is that Theorem 3.3 is stated for counting feet
in a subset B of N( \/7), whereas the counting we will do is weighted by a nonnegative
function g € L°(N'(y)) ¢ L®(Fr M).
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For y € T¢r, we let A7 denote the probability Lebesgue measure in Nl(y) Cc FrM. For a
bounded function g on a metric space, we let

ms(g)(p) = inf ¢ and M;(g)(p) =supg,
Bs(p) Bs(p)

where B;s(p) is the metric ball of radius 6 around p.

Theorem 5.4 (Equidistribution of feet along a curve). There exists q > 0 depending on M such
that for any € > 0, there is R > Ro(€) so that the following holds. Let y € T¢r. If g € L* (Fr M) is
a nonnegative function, then

(x) (1-0) ms(g) dAY < Y (st m) + g(f m) < (1+0) Ms(g)dA?,
N'g) SRV nellor(y) N'G)

where 6 = e7IR,
3 27'cce€4€(7/)e4R‘€(V)
eRy = volM

e—0
and cc — 1.

Proof from Theorem 3.3. Let g € L®(Fr M). Since the measure A” is supported on N'(y), we
may assume g € L®(N? (y)). Let h(n) := g(n) + g(n + hl(y)). Since h is invariant under
n +— n + hl(y), h descends to a function he L“(Nl(\/j_/)) so that h o proj = h, where
proj : N'(y) — N'( /7)) is the quotient projection.

Using the shorthand notation

(f > yh:={n e N' (V) : f(n) > o),
note that
N_s{f >y} = {ms(f) >y} and Ns{f >y} = {Ms(f) > y}.
Thus, Theorem 3.3 gives us

#lm e Mg : h(ftm) > y)

(55)  (1=8)Alms(h) > y}) < c
R,y

< (1 +8) A({Ms(R) > y)),

where A is the probability Lebesgue measure on N'( V)

A basic property of the Lebesgue integral says that for a function f € L*(X, ), where X

{lflloo

is a space with a measure 1, we have fx fdu = |,

p(f > y})dy. Thus, if we integrate



LIMITS OF ASYMPTOTICALLY FUCHSIAN SURFACES IN A CLOSED HYPERBOLIC 3-MANIFOLD 43

the inequality (5.5) above with respect to y from 0 to ||| LN (v7) and apply this property

for A and the counting measure of feet in N( \/7), we obtain

a —5)f ms(h)dA < Cl Y, hftm < +6)f M;(h) dA.
Nl(w—/) Ry nellor(y) Nl(@

Note that i(ft ) = g(ft[ 1) + g(ft' 1), so the middle term of the inequality is the same as
in (x). On the other hand, (1) o proj = ms(h). Thus, [, W ms()dA = [ () Mo() ANV . Fi-

nally, [, (Mo AV 22 e () Mo(8) dA” and similarly e ) Ms(h)dA <2 [, oy Mo(8)dAY.
This yields the desired inequality (x), up to the constant C¢ g, absorbing a factor of 2. O

We can simplify the main statement of the theorem with the following notations. For a
measure u on a space X, and g € L*(X), we let u(g) := fX gdu. We define a measure qi)z R

supported on N'(y) by

Lr(8) = Cl Y (st m) + it m)),

Y nelleg(y)
where g € C(Fr M).
Fix a nonnegative function ¢ € C(Fr M). The inequality (%) can be rewritten as

(1 =) A (m5g) < ¢ p(8) < (1 +0) AV (Myg)

and we can average it over all y € I'.g, yielding

=8z Y, N mg) < go— ), L@ <A +0)z— Y A (Mg).

7 yeler 7 yeler 7 yeler
If we can show that the upper and lower bounds of this inequality are very close to
vrrm(g) and that the middle term is very close to ¢¢ r(g) as € — 0, then it will follow that
De,r(Z) 9 vrrm(g)- This, in turn, implies Lemma 5.2, using the fact that since M is compact,
C(Fr M) c L*(Fr M), as well as the fact that if ¢ r(g) et vrrMm(g) for nonnegative functions

g € C(Fr M), it follows that e r(g) = v pm(g) for all g € C(Fr M).
Our task is therefore to show the following two lemmas:

Lemma 5.6. For g € C(Fr M),

1
Tor Z AV (msg) — verm(g)

4 )/Ere/ R

and

1
Tr Z A (Msg) — virm(8)

€
7 yeler

converge to zero as € — 0. (Recall 5 = e=1R©) goes to zero as € — 0.)
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Lemma 5.7. For g € C(Fr M),

1
e L Plel®) ~ 9er(@)

4 )/Ere,R

0
=o.

Proof of Lemma 5.6. For g € C(Fr M), we define a function § € C(T' M) via

o) = L
p,v) = = \L@) g(p,v,0)do,

where S!(v) is the circle in Trl, M orthogonal to v. For y € I'. g, we let dy be the probability
length measure of y on T! M, in other words, for 1 € C(T1 M).

1 [ ’
le Mhdy ) fo h(y(t),y’(t)) dt.

Note that for g € C(Fr M),
f gdy = f gdA”.
M FrM

Let Prob. be the uniform probability measure on I'.g. In Theorem II of [15], Lalley
showed that, if i € C(T' M) and n >0, then

f hdy — v, (h)
T'M
In other words, if ¢ € C(Fr M), then

Prob, (

>17)€1>00.

Prob, (|/\7’(g) - vFrM(g)| > 17) 9.

Let l"f?2 be the y € T'¢ so that [A7(g) — verm(g)l = 1 and let l";’2 =Ter — 1"?% Then,

#Te R Z A(8) = verm(8)| < #%EIR Z V() = veem(g)] + Z A7(9) = VErm(9)|

y El":lg )/61'217

€,R
>1
€,R ) :

< 1+ 2||gllLoEr my Probe (I

As 1 > 0 was arbitrary, this shows that

lim !
e—0 #l“elR

Y N(Q) = vrem().

yel"e, R
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Finally, since g is continuous and 6 — 0 as € — 0, we also conclude that

1 1
Z 14 — z y
T < AV (msg) and T AV (Ms8)

7 yeler 7 yeler

converge to Vgrpm(g) as € — 0, which concludes the proof of Lemma 5.6.

Proof of 5.7. To begin, for y € I'. g and for ¢ € C(Fr M), we define

Ft,(g) := Z (g(ft" ) + g(£t' ).

nEHe,R ()’ )

Note that #ﬁe,R = ZVEFeR

45

#H;R(y), or equivalently, Z#ﬁe,R = Zyere,R #I1c r(y). This is

because each oriented good curve corresponds to a distinct element of I'c g, while each

#I1. r(y) counts the ends of pants having either y or its orientation reversal as a cuff.
In particular,

1
2#T1,
1

2#TLer 5

Y (st m) + g8t )

T[EHS’ R

Pe,r(8) =

(8(ft" 7) + g(£t' 7))

&R T(GH;R (V)

1
=—= Ft, (g).
4411, 2. Fols

)/Ere,R

Moreover,

1 y 1 Ft,(g) 1
= (§) = Per(S) = 77— i Fty(g)
Ler yEZF:,R o #ler yeler Cary 4411 VEZF;,R

1 1
= Ft, - — .
Z l (g) (#I‘E,R CG,R,]/ 4#H€,R ]

V€l R

Thus, we obtain

P r(8) — Per(Q)| < sup |Ft,(9)] S
yeFeR #r€,R E,R g (PE g #HE/R ye[’fR V g #re,RcelR,y 4#H€,R
Using the fact that

| Ft, (8)] < 2#I1c r(Y) lI81Ire Br M),
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we have
1 2#11: r(Y) Cer,y
(5.8) —— ¢ (8) — Per(9)] < lIgllL(Frmy sup . 1-—
7/;6,[{ #le R eR © ( )yel},R Ce,RJ’ A#ITe g /#T e R
Cer,
(5.9) < lIgllEern (1 +6) sup |1 - ———2—|,
y€ler 4#T1e R /#T e R

where 6 = ¢”R and in the last step we have used the equidistribution of feet (Theorem 5.4).
Now it remains for us to show that

Ce,R,y

1- ——
AHTI. R HT e R

(%) := sup
y€ler

tends to 0 as € — 0, which we will also achieve with the equidistribution of feet and some
algebraic manipulations.

Recall that Ccrp = (VOIM)_127'CC€€4€()/)€4R_€V, where cc — 1 as € — 0. We define a new
constant,

c 271c.2Re*R
RI= ——————
© volM
that is very close to C, r, but does not depend on y.
Note that
TR /#Ter  Cery 1 _ HTLer/#Ter '1 _ Cery
Cer CeR Cer Cer
(%) = sup = < sup _
Y€ler 4TI R /#T e R yeleR AT R /[#Te R
CE,R CE,R

It suffices to show that, as € — 0, the right hand side goes to 0.
As y is an (€, R)-good curve, we have

) Cery| [t(y) e 10 —2R - [E()N[e2R=E0) — 1] + () — 2R
Cer | 2R - 2R
€ 2e —2€ €
. < i — _
(5.10) < (1 + 2R)(e )+ L,

where the last term in the inequality, let us call is w1 (€), goes to 0 as € — 0.
The final task is now to show

AHTT g [#T e R

1-
Ce,R

lim =0.

e—0
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From the estimate 5.10 and equidistribution of feet, we have

1-— Ce/R +1 = Z#He,R(V)
2#H€,R (7/) Ce,R,y Ce,R,y
1- < < 2(w1(€) + 6) =: wa(e).

Ce,R ﬁ

Cery

Above, wy(€) — 0 as € — 0. In other words,
2#11

1—wy(e) < C;,R(V) <1+ wsy(e).

€,

Averaging this inequality over y and recalling that ZJ/GFG/R #II.r(y) = Z#ﬁe,R, we obtain

A#TI, g /4T
1—wy(e) < % <1+ wsy(e).
€,

Thus we have all we needed to show that (x) 9 0. m|

To wrap up this section, we have proved Lemmas 5.6 and 5.7, which is what we needed
to show that the feet of all pants equidistribute in Fr M, namely

*
PeR(e) = VErM-

5.4. Approximate barycenters of pants. As before, we let v be the right action on Fr M =~
PSL, C of the element
ar/2 kalog( V3/2) S PSLZ C,

t/2
’

where a; = diag(e'/?, e7"/2) and k € SO, is the ninety-degree rotation bringing the first frame

to the second. N
We defined left and right approximate barycenter of an end of pants n € Il r respectively

by
abar’(n) = vr(ft! 1) and abar'(n) = vr(ft 7).

This subsection is dedicated to proving that the aproximate barycenters are indeed close
to barycenters. Precisely,

Lemma 5.11. Let 1t € ﬁe,R and s = { or r. Then,
distg, 1 (abar® 7t, bar’ 1) < w(e),

where w(€) — 0as e — 0.
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Ficure 18. Lifting the pants 7 and its left foot to H°.

Proof. Throughout the proof, we will let w(e) denote any quantity that goes to zeroase — 0.

Let m = [(f,C)] € i:[e,R. Pick a representative (f, C;) with geodesic cuffs and let f(C;) =
Vj-i, for i,j € Z/3. Without loss of generality and to be explicit, we assume f to be
orientation-preserving.

Lift yo to the geodesic 7 from co to 0 in € ~ d H°. Lift the left foot ft’ 7t to the frame
based f at eR/2i, whose first vector points at the direction of y and whose second vector
points at the positive direction of the real line R c C.

Let « be the ray given by

K(t) := Ry, RiRay,, f

fort > 0. The leftapproximate barycenter abar’ 7 lifts to the framed barycenter x(log( V3/2))
of the triangle with vertices (o0, 0, k) associated to the side (o0, 0) = .

Choose lifts y; and 7, of the other cuffs of 7 so they are connected to J, by lifts of the
short orthogeodesics, as in Figure 18. Note that 1 and 7, lie, respectively, in geodesic
planes Piand P, with oo in their boundary that make an angle of w(e) with each other and
the plane Py that contains 7o and (x(t))s>o0.

The left triangle of 7 lifts to the triangle with vertices (oo, 7175 ) in this picture.

We let

0(t) := Ra,RiRay,) 0 f

for t > 0, be a lift of the orthogeodesic ray from yy to itself. Then, ¢* lies in the annulus E
of C so that 71,7, € JE. Since the geodesic planes P; and P, containing y; and 7, make a
small angle with each other, it follows that ¢* is within distance w(e) in C of 771+ and 7.
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On the other hand, since Ry, f and Ry, , f are at a distance O(e) of each other in Fr H?,
it follows that 6* and «* are at a distance O(e) in C.

We conclude that the vertices (o, 77, 7;) of the left triangle of 7 are within distance w(e)
of the vertices (c0,0, k™) of the triangle whose framed barycenter associated to (oo, 0) is

abar’ 7. This means that all the framed barycenters of these triangles are within w(e) of
each other in Fr H3. Thus,

distp, m(abar’ 71, bar’ 71) < w(e),

as desired.
The proof follows in the same way for the right barycenters. m|

5.5. Equidistribution of approximate barycenters in Fr M. In this subsection, we will
show that the probability uniform measure 7 , supported on the approximate barycenters

of e ﬁe,R equidistributes as € — 0 and R(e) — oo.
We first claim that the equidistribution of feet on Fr M, Lemma 5.2, still holds if we move
the feet by the right action of ar),, i.e.,

Lemma 5.12. Ase — 0and R(e) — oo,

*
(RaR/z )*(PG,R — VErM-

Proof. We want to verify that the arguments of the original proof of Lemma 5.2 still hold
when we change ¢ to gr := g © Ry, What makes this not obvious is that the function gr
is not fixed as we take our € — 0 limit.

Let ¢ € C(Fr M) be nonnegative. Along each y € I'. r, the Lebesgue probability measure
A7 is invariant under the right action of a; € PSL, C. Therefore, the equidistribution of feet
along a curve, Lemma 5.4 gives us

(1= O)A (m5g) < ¢ p(gr) < (1 + )V (Msg),

where as usual 6 = e™R. Following logic of the proof of Lemma 5.2, we average this
inequality along curves on I'c g, and we want to show that the upper and lower bounds
are close to v p1(g), which is exactly Lemma 5.6, and that the term in the middle is close to
¢Pe,r(gR), Which is Lemma 5.7 with gr instead of g. In fact, the proof of Lemma 5.7 remains
largely the same with gg; the one thing to note is that gr has the same L® norm as g in
Fr M. O

We also observe

Lemma 5.13. Suppose v; are probability measures in Fr M so that v; X VerM S 1 — oo, Then,
given h € PSL, C, we have

*
(Rp)+vi = VErm



50 FERNANDO AL ASSAL

Proof. Suppose g € C(Fr M). Then,

(Rp)-vi(g) = vi(g o R, 1.

Thus (Rp).vi(g) = Veem(g © R;l) as i — oo. As Vg is invariant under the right action of
PSL, C, we conclude. O

By construction,

ﬁZ,R = (Rka )*(RﬂR/z )*¢e,R~

log(V3/2)
Combining the two lemmas above, we conclude that 7 . X verm as € = 0 and R(e) — oo.

5.6. Conclusion: equidistribution of barycenters in Fr M. Finally, as a corollary of the
equidistribution of the approximate barycenters, we obtain the equidistribution of the
actual barycenters, which is the main theorem of the section. For g € C(Fr M), we have

Ber(8) — Ber(8) = .1. Z Z (g(abar’ 7t) — g(bar® 1))

2#I1c R rell, g S€l67)

As g is uniformly continuous and
distg; p(abar’ 7, bar’ 1) < w(e),

where w(e) — 0 as € — 0, we conclude that

e—0

1BE (8) = Ber(R) — 0.
Thus, since B2 . (8) = Vrrm(g), we conclude that fer(g) — VErm(g) as € — 0 and R(e) — oo.

6. EQUIDISTRIBUTING SURFACES

Let S r be the connected, closed, t1-injective and (1 + O(e))-quasifuchsian surface made
out of N(¢, R) copies of each pants in Il. g, as explained in Section 2. Let vs_, be their
probability area measures on Gr M. Note that these measures are also the probability area
measure of the possibly disconnected surface built out of one copy of each 7 € Il g. Using
the fact that the barycenters of good pants are well distributed, we will show

Theorem 6.1. Ase — 0and R(e) — oo fast enough,

*
VSE,K(S) - VGI‘ M/

where v M is the probability volume measure of Gr M.
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Outside of the pleating lamination, we may define the unit tangent bundle T'S. r of
Se,r. This can be seen as a three-dimensional submanifold of Fr M, where (p,v) € T! Ser is
included in Fr M as the frame (p, v, w, v X w), where w is the image of v under the ninety-
degree rotation k € SO, described in the last section.

Let vy g be the probability volume measure of T' Sc g on Fr M. We show

€,

Claim 6.2. Ase — 0and R(e) — oo,

*
—_
VTl Ss,R(e) VErM-

Proof. This proof is similar to pages 23-26 of [14].

Let A € PSL; R be the set so that Rx(b) is the unit tangent bundle of the ideal triangle in
M with b € Fr M as a framed barycenter (for any b € Fr M). Let vps,r be the probability
Haar measure on PSL, R.

Thus, given g € C(Fr M),

1
Vg (&) = ﬁ @) fA §(R;'b) dvps, (1) dBe k.

M VPSL,
By Fubini’s theorem,

1 _
Vg (&) = Y L Ber(g o Ry dvps, r(E).

From the equidistribution of the barycenters and the PSL, C-invariance of vg:p, the
integrand Ber(g o R;!) converges to verm(g). Using the dominated convergence theorem,
we conclude that

e—0 1

Vg (&) — e fAVFrM(g) Avpsi, R = VErm(g)-

For g € C(Fr M), we let § € C(Gr M) be the function defined by

_ 1 277
g(p,P)—ﬂ fo s, ref)do,

where rg € PSL; R is the rotation of degree 0 and f is the frame whose first two vectors
span the oriented plane P.
Fubini’s theorem tells us that for g € C(Fr M),

VTS x (&) = Vs ()
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Moreover, any h € C(GrM) is of the form h = g, where h(p,P) = g(p, f) for any frame f
whose first two vectors span P.

Thus Claim 6.2 implies Theorem 6.1, and we can conclude that the connected surfaces
made out of N(g, R, M) copies of each pants in Il g equidistribute in GrM as € — 0 and
R(€) — oo.

7. NON-EQUIDISTRIBUTING SURFACES

Let ¢ be a set containing a representative of each commensurability class of closed
immersed totally geodesic surfaces in M. Let (4)i>1 € ¢ be an increasing sequence of
finite subsets, so that (i1 % = ¢. (In the case when ¥ is finite, it suffices to take ¢ = ¢
for all k > 1.) Kahn and Markovié¢ [11] proved that given k > 1, € > 0 small enough
and R = R(e, k) large enough, each T € % has a finite cover T which admits a pants
decomposition of pants in Il r that are all glued via (¢, R)-good gluings. (This fact was
used to prove the Ehrenpreis conjecture.) By possibly passing to a further double cover, we
can assume the cuffs of each T are all nonseparating, as explained in the proof of Theorem
42.

For each T € %, let T? be a cover of T of degree d = d(T, e, R). We may choose this cover
so that T? also admits a pants decomposition, denoted I'lr, by pants in I,  that are glued
via (€, R)-good gluings.

Let §€,R be the connected, closed, mi-injective and (1 + O(€))-quasifuchsian surface pro-
duced in the previous section. We may assume that SelR is built out of N(¢, R, k) > #%,
copies of each 1t € Il .

For each T € %, choose a curve y C T9 that arises as a boundary of a pants in I'lr. Let
np € I (y7) and 7ty € II7 o (1) be pants in Il that are (¢, R)-well glued along yr. Namely,

€
<=,

|ft L =T (ft n}) R

where as before 7(x) = x + 1 + im.
As argued in the proof of Theorem 4.2, since §€,R is built out of N copies of each 1t € Il R,

there is a pants p;. € IT_ . (y1) in Se R so that
€
ftro. —ftprl < .
[ft i, — ftp;| < R

(Note we could take p7. to be another copy of ri; if N > 1.) On the other hand, p; is
(¢, R)-well glued to a pants p7. also from Ser,ice.,

|ftp} - T(ftp}) < 1%
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Ficure 19. The family of surfaces S, r 4, which can accumulate on the totally
geodesic surfaces T by appropriately choosing the degrees d of their covers.

Putting these inequalities together, we have that

|ftp} -1 (ft n})| < 2% and |ft ;=T (ftp})

€
<2-—.
R

In other words, we may cut along 7 and reglue p;. to ;. and 77 to p7 in a (2¢, R)-good
way. We call this reglued surface S r 4, where d = (d(T, €, R))rey, is a vector keeping track
of the degrees of each cover T? — T.

The regluings are done along nonseparating curves, so each Scr 4 is closed, oriented,
connected and (1 + O(e))-quasifuchsian. (The connectedness uses the fact that the regluings
were done along nonseparating cuffs.) As usual, we let v(S.rq) denote the probability
area measure of S. g 4 on the Grassmann bundle Gr M. Recall that vg, ) denotes the Haar
measure on Gr M and v denotes the area measure of T on Gr M.
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Proposition 7.1. The weak-* limit points, as € — 0 and k — oo, of the measures v(S¢ (e k),d(e k)
on Gr M consist of all measures v of the form

(*) V=0MVGrM T Z aTtvT.
Te¥

Proof. Let gt denote the genus of a totally geodesic surface T and let g. g denote the genus
Of ge,R.
We can write the area measure v(S¢ g q) as

1 N
Se = 2 = Dd(T)yvr + 211(ger — 1)v(Ser) |-
V(Serd) T oy 25T — D) + 2rger — 1) TEZ% n(gr — DA(T)vr + 27(ge,r — 1)v(Se r)

Recall that (S g(e)) X vermase — 0. Thus, by making d(T, €, R(€, k)) grow appropriately
fast for each T, we can make v(S.r4) converge to any given measure of the form (x) as
€ » 0and k — oo. a

This, together with Theorem 1.2, which was proved in Section 4, completes the proof of
Theorem 1.1.
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